Abstract: Large deflection analysis of functionally graded annular sector plates subjected to thermomechanical loads is presented. Based on the first-order shear deformation theory in conjunction with nonlinear von Kármán assumptions, the governing system of equations is derived. A polynomial-based generalized differential quadrature (GDQ) method is used to discretize the nonlinear governing equations. The NewtonRaphson algorithm is then employed to solve the system of nonlinear algebraic equations. Material properties of the plates are assumed to depend on temperature and are graded in the thickness direction based on a simple power-law distribution. Based on a comparison of results obtained for plates with temperature-dependent material properties versus plates with temperature-independent material properties, it is found that the effects of temperature dependency cannot be neglected. Furthermore, the effects of temperature rise, material index, thickness-to-radius ratio, and temperature dependency of material are studied in detail.
Introduction
Functionally graded materials (FGMs) have received much attention since their introduction in 1984 by a group of material scientists in Japan (Yamanoushi et al. 1990; Koizumi 1993) . These advanced materials are microscopically heterogeneous, and their mechanical properties vary continuously in at least one direction. FGMs are usually made of metal and ceramic. The metal component precludes fracture, and the ceramic component has low thermal conductivity and enables the material to withstand high-temperature environments.
Because an analytical close-form solution is limited to some simple problems, semianalytical and numerical methods are introduced. The generalized differential quadrature (GDQ) method (Shu and Richards 1992 ) is a numerical method with high accuracy based on employing a few number of grid points, which leads to less computational effort. The GDQ method is a new version of differential quadrature method (DQM) that was introduced by Bellman and Casti (1971) . Finding appropriate weighting coefficients has been the fundamental issue in this method, and the main dissimilarity between the GDQ method and prior versions is the method of obtaining weighting coefficients.
Thin-walled structures such as plates and shells are used extensively in many industrial fields. Most notably, circular and annular sector plates made of FGM have numerous applications in mechanical, civil, aerospace, and other industrial and engineering fields.
The issue of analysis of annular sector plates has become a cause célèbre among researchers since the first study carried out by Nádai (1915) . Nonetheless, studies on annular sector plates in comparison with rectangular plates are infrequent. Aghdam et al. (2007) used the extended Kantorovich method (EKM) for bending analysis of fully clamped annular sector plates subjected to both uniform and nonuniform loads. In another work of Aghdam et al. (2012) , moderately thick, fully clamped annular sector plates made of FGM were considered. Andakhshideh et al. (2010) studied nonlinear bending analysis of laminated annular sector plates with various boundary conditions by the GDQ method. Salehi and Turvey (1991) used the dynamic relaxation (DR) method to determine the nonlinear response of annular sector plates. In another work, Salehi and Shahidi (1994) implemented the same method for large deflection analysis of moderately thick sector plates. Nath et al. (2005) investigated nonlinear bending analysis of moderately thick sector plates. Jomehzadeh et al. (2009) decoupled and solved equilibrium equations for moderately thick functionally graded sector plates by introducing an analytical solution. Saidi and Hasani Baferani (2010) used the analytical solution for thermal buckling analysis of moderately thick functionally graded sector plates. More recently, Naderi and Saidi (2011) investigated the stability of annular sector plates with the analytical method. Some researchers have also studied functionally graded annular sector plates whose mechanical properties vary in the radius direction. These plates are known as radially functionally graded (RFG) plates. Mousavi and Tahani (2012) studied the bending of RFG sector plates with various boundary conditions. Hosseini-Hashemi et al. (2010a) used the DQM to study buckling of RFG circular and sector plates resting on elastic foundations. In another work, Hosseini-Hashemi et al. (2010b) employed the DQM for vibration analysis of RFG plate annular sectors with variable thicknesses.
Furthermore, numerous studies on the thermal bending of functionally graded rectangular plates are available. Praveen and Reddy (1998) studied the nonlinear static and dynamic responses of functionally graded plates subjected to both mechanical and thermal loads by the FEM. Na and Kim (2006) investigated the nonlinear bending of fully clamped functionally graded rectangular plates subjected to transverse uniform pressure and thermal loads by the three-dimensional (3D) FEM. In some studies, the material properties were assumed to depend on temperature. Yang and Shen (2003) studied the nonlinear response of functionally graded plates with temperature-dependent material properties subjected to thermomechanical loads. The nonlinear bending of functionally graded plates with temperature-dependent material properties resting on elastic foundations was studied by Shen and Wang (2010) .
Although FGMs basically were introduced as thermal barrier materials and are used in high-temperature environments, based on a review of the available literature, it appears that most studies on annular sector plates are confined to plates subjected to mechanical, not thermal loading. Thus far the authors have not encountered any paper dealing with nonlinear bending analysis of functionally graded annular sector plates with temperature-dependent material properties subjected to thermomechanical loads, and the results obtained from thermal bending analysis of annular sector plates may be used as a reference for future studies.
In this study, the nonlinear bending analysis of fully clamped functionally graded annular sector plates with temperature-dependent material properties is presented. Material properties are assumed to be a nonlinear function of temperature and are graded in the thickness direction based on a simple power-law distribution in terms of the volume fraction of the constituent. Employing the principle of minimum total potential energy, the governing equations are obtained based on the first-order shear deformation theory (FSDT) and von Kármán-type nonlinearity. The GDQ method in conjunction with the Newton-Raphson iterative scheme is then used to solve the system of five nonlinear governing equations. It is shown that solutions of the GDQ method are in excellent agreement with results of other numerical methods. It is found that analysis of plates with temperatureindependent material properties is inadequate for plates that are employed in high-temperature environments. Furthermore, the effects of temperature increases, the volume fraction exponent, inner-toouter-radii ratios, and radius-to-thickness ratios are discussed in detail.
Material Properties
Consider a fully clamped functionally graded annular sector plate with inner radius of r i , outer radius of r o , uniform thickness of h, and total angle of a, as shown in Fig. 1 . It is assumed that the material properties of the plates vary through the thickness direction based on a function of properties and volume fractions of the constituent. This can be expressed as
where P c and P m 5 material properties of ceramic and metal, respectively; V c and V m 5 volume fraction of the constituent material and, based on a simple power-law distribution, are considered as follows:
where n 5 volume-fraction index or material index, and takes values greater than or equal to zero. The thermal and mechanical properties of FGMs change significantly with temperature (Reddy and Chin 1998) . For example, Young's modulus of stainless steel, nickel, Ti-6Al-4V, and zirconia are reduced by 37, 21, 34, and 31%, respectively, when the temperature increases from room temperature to 1,000 K (Yang and Shen 2003) . Therefore, Young's modulus E m and E c , thermal expansion coefficients a m and a c , and thermal conductivity coefficients K m and K c are assumed to be functions of temperature. Hence E, a, and K depend on both temperature and position and are written as
The effect of changing Poisson's ratio y on the mechanical behavior of the functionally graded plates is very small (Chi and Chung 2006a, b) ; therefore, it can be assumed to be constant.
Temperature Field
The nonuniform temperature gradient TðzÞ is assumed to vary along the thickness direction and is obtained by solving the following heattransfer equation:
By denoting the temperature at the top surface as Tðh=2Þ 5 T c and at bottom surface as Tð2h=2Þ 5 T m , temperature distribution is obtained from Eq. (4) as
where TðzÞ is measured from the stress-free state. It should be noted that TðzÞ is obtained by dividing the thickness into several layers and calculating the integral of 1=Kðz, TÞ from 2h=2 to each layer. Temperature profiles for FGM plates with a temperature increase of DT 5 300 and material indices of n 5 0:3 and n 5 2 are shown in Fig. 2 . It can be seen that variations in temperature through thickness are nonlinear.
Governing Equations
The displacement components of an arbitrary point within a plate, in polar coordinate ðr, u, zÞ based on the FSDT (Wang et al. 2000) , are given by uÞ (6c) where u, v, and w 5 displacements of a point at the middle surface (i.e., z 5 0) along the r-, u-, and z-coordinates, respectively; and w r and w u 5 rotations about u-and r-axes. Introducing the displacement field into the von Kármán nonlinear strain-displacement equation (Wang et al. 2000) , the nonlinear strain component can be derived as
Considering the plane-stress state, the constitutive equations are written as
where quantities s r , s u and s ru , s uz , and s rz 5 components of normal and shear stresses, respectively. By employing the principle of minimum total potential energy (Reddy 2002) , the equilibrium equations are obtained as du:
where P z 5 applied external pressure function on upper surface of the plate; and N 1 is defined as follows:
where N r , N u , and N ru 5 in-plane force resultants; Q r and Q u 5 outof-plane force resultants; and M r , M u , and M ru 5 bending and twisting resultants, respectively, and are defined as
where K 2 5 shear correction factor, in this study assumed to be 5=6 (Nguyen et al. 2008 ). On substitution of Eqs. (7) and (8) into Eq. (11), stress and moment resultants can be written as
where
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where the constants are the stiffness coefficients and can be computed as
Eðz, TÞ 2ð1 þ yÞ
Furthermore, thermal terms are defined as
On substitution of Eq. (12) into Eq. (9), the ultimate forms of governing equations in terms of displacements and rotations can be obtained; for the sake of brevity, the first equation is written as
Five partial differential equations in terms of displacements and rotations are solved in conjunction with the following clamped boundary conditions:
Application of the GDQ Method
In this section, a concise review of the GDQ method is presented. In the GDQ method, the partial derivative of a function with respect to a variable at a specific grid point is approximated as a weighted linear sum of the function values at all discrete points in the complete domain of that variable. To clear this concept, a one-dimensional function f ðxÞ on a domain a # x # b is considered. Assuming that the domain is discretized by N grid points, the mth-order derivative of f ðxÞ at a discrete point x i with respect to the x-direction can be written as Fig. 3 . Prediction of EKM (data from Aghdam et al. 2012 ) and GDQ method for linear deflection along centerline (r, a=2) of solid sector plate with n 5 2 where C ðmÞ i j 5 weighting coefficients. For the first-order derivative, the weighting coefficients are calculated as
Eq. (19a) is used for i Þ j; however, the rest of weighting coefficients are obtained by
In Eq. (19a), M ð1Þ ðx i Þ is the first derivative of Mðx i Þ and is defined as
For second-and higher-order derivatives, the weighting coefficients are defined as Numbers of grid points, as well as their positions, exert significant influence on the accuracy of the method. It is found that the optimal manner to obtain the grid points is the roots of Chebyshev polynomials. Fig. 4 . Comparison of nonlinear deflections of TD and TID sector plate subjected to uniform transverse pressure and thermal loads for (a) n 5 0; (b) n 5 0:3; (c) n 5 3; (d) n 5 10,000
where i 5 1, 2, . . . , N. It is worth mentioning that a uniform equidistant distribution of the grid points leads to significant inaccuracy near the boundaries; thus the zeros of Chebyshev polynomials are used to consider dense nodes near the boundaries (Zong and Zhang 2009 ). The first step in the solution process is to rewrite the governing equations in discretized form according to the GDQ method. For example, the discretized form of the first equation can be written as
where i 5 1, 2, . . . , N; j 5 1, 2, . . . , N u ; A pq and B pq 5 weighting coefficients for the first-and second-order derivatives with respect to r, respectively; and A pq and B pq 5 weighting coefficients of the firstand second-order derivatives with respect to u, respectively. The other equations are discretized in an analogous manner.
Results and Discussion
To verify the accuracy of the results obtained by the GDQ method, some results are compared with the results of other numerical methods. As the first example, an isotropic fully clamped annular sector plate with constant thickness of h 5 0:002 m, total angle a 5 p=3, Young's modulus of E 5 207 GPa, and Poisson's ratio of v 5 0:3 subjected to a uniform pressure P z is considered. Linear maximum dimensionless deflections of the plate for various ratios of inner to outer radii are tabulated in Table 1 . This table shows that the results obtained by the GDQ method are in a good agreement with the results reported by Aghdam et al. (2007) and Mousavi and Tahani (2012) . To demonstrate the accuracy and validity of these results in linear bending analysis of functionally graded sector plates, a fully Table 2 is considered. It is assumed that the plate is subjected to a uniform pressure P z . The deflections along the radial centerline (r, a=2) of the functionally graded sector plate for n 5 2 are compared with the results of Aghdam et al. (2012) in Fig. 3 . It can be concluded from Fig. 3 that the results of the GDQ method are in excellent agreement with those of the extended Kantorovich method solution.
As part of validation of the present method in nonlinear analysis of sector plates, a fully clamped isotropic solid sector plate with total angle a 5 p=3 and Poisson's ratio v 5 0:3 subjected to a downward uniform pressure P z is considered. Normalized deflection, moment resultants, and stress resultants at point ½ðr 2 r i Þ=ðr o 2 r i Þ 5 0:647, u 5 p=6 for various numbers of normalized loads are compared with the results of Salehi and Shahidi (1994) and Nath et al. (2005) in Tables 3-7. Given that in the GDQ method, positions of the grid points are roots of Chebyshev polynomials, these values at point ½ðr 2 r i Þ=ðr o 2 r i Þ 5 0:647, u 5 p=6 are found by passing a polynomial through values of each grid point and finding the value of that polynomial at ½ðr 2 r i Þ=ðr o 2 r i Þ 5 0:647, u 5 p=6.
In the remaining parts of the present work, the effects of mechanical and thermal loads on functionally graded sector plates are studied in more detail. The constituent materials of functionally graded plates are assumed to be silicon nitride and stainless steel, referred to as Si 3 N 4 /SUS304. The mechanical and thermal properties such as P are expressed as a nonlinear function of temperature (Touloukian 1967) as
where DT 5 difference between temperature of upper surface and lower surface (DT 5 T U 2 T L ) and T 0 5 300 K (room temperature); P i ði 5 21, 0, 1, 2, 3Þ 5 coefficients of temperature TðKÞ and are unique for each constituent material. Young's modulus, the thermal expansion coefficient, and thermal conductivity are assumed to depend on temperature and are obtained by Eq. (24). Furthermore, Poisson's ratio is considered to be a constant and v 5 0:28 (Shen and Wang 2010) . Coefficients of temperature for the constituent materials are taken from Reddy and Chin (1998) and are given in Table 8 . The results presented herein are for an annular sector plate with h=ðr o 2 r i Þ 5 0:1, r i =r o 5 0:5, and total angle a 5 p=3 and subjected to a uniform pressure P z ðr o 2 r i Þ 4 =ðE M h 4 Þ 5 40, unless mentioned otherwise. It should be mentioned that E M in the dimensionless pressure is the elasticity modulus of stainless steel at T 5 300 K. The lower surface of the plate is held at room temperature for all cases; thus DT L 5 0, and for the upper surface, DT U 5 DT. Fig. 4 shows the deflection along centerline (r, a=2) for nonlinear bending of functionally graded annular sector plates with various values of n subjected to a uniform pressure P z ðr o 2 r i Þ 4 =ðE M h 4 Þ 5 40 and thermal loads. The material properties are assumed to be temperature-dependent (TD) and temperature-independent (TID). Properties of the TID materials are obtained by Eq. (24) at T 5 300 K. It can be seen from these figures that thermal loads do not have significant influence on deflection of a TID sector plate with clamped boundary conditions; however, a TD sector plate shows considerable deflection owing to thermal loads. Furthermore, higher deflection is observed as the volume fraction of the Si 3 N 4 reduces by increasing n.
The effects of the material index n on the deflections of sector plates are shown in Fig. 5 . This figure shows the nonlinear deflection at the middle point ½ðr o 1 r i Þ=2, a=2 of sector plates under a uniform pressure and thermal loads for various values of n. As expected, the plates display more deflection by increasing material index n. Moreover, thermal loads cause more deflection for large values of material index. Deflection of functionally graded plates increases more rapidly when material index n rises from 0 to 5. However, for n . 5, the effects of n become less significant.
To study the effects of thickness-to-length ratios and nonlinear responses of plates to various values of pressure, two functionally graded sector plates with thickness-to-length ratios of h=ðr o 2 r i Þ 5 0:1 and h=ðr o 2 r i Þ 5 0:15 are considered. The nonlinear deflections of the plates at the middle point ½ðr o 1 r i Þ=2, a=2 versus load are depicted in Fig. 6 . As expected, these results show that the dimensionless middle deflections are decreased by decreasing thickness-to-length ratio h=ðr o 2 r i Þ.
Stress and moment resultants at the middle point ½ðr o 1 r i Þ=2, a=2 for nonlinear bending of functionally graded sector plates with and without thermal loads versus pressure for different values of material indices are shown in Fig. 7 . It can be concluded from these figures that the moment and stress resultants increase as the pressure increases, and the effects of pressure on the radial moment and stress resultants are more than those of the circumferential moment and stress resultants. In addition, the effects of thermal loads on stress resultants are more than those of the moment resultants. Furthermore, the effect of changing material index n on the moment resultants of the functionally graded plates is not so significant. Mousavi and Tahani (2012) also showed that change of material index leads to significant changes in deflection; however, it has a negligible effect on in-plane stresses components.
Solid Sector Plates
A fully clamped functionally graded solid sector plate with h=r o 5 0:1 and total angle a 5 p=3 with the material properties given in Table 8 subjected to a uniform mechanical load of ðP z r 4 o Þ=ðE M h 4 Þ 5 400 and various thermal loads is considered. Poisson's ratio is assumed to be a constant n 5 0:28. The resulting nonlinear deflections along the centerline (r, a=2) of the plate for different material indices are compared with each other in Fig. 8 . It can be seen that the thermal loads have more influence on the deflection of plates with large material indices, and thus plates exhibit more deflection by increasing the material index.
Furthermore, the effects of thickness-to-radius ratios and the nonlinear response of solid sector plates to various pressures are studied in Fig. 9 . This figure shows the deflection of functionally graded solid sector plates at point r=r o 5 0:647 and u 5 a=2 for h=r o 5 0:1 and 0.15. As expected, by increasing the thickness-toradius ratio h=r o , the nondimensional deflections increase. It also can be seen that as with previous results, increasing thermal loads as well as the material index n leads to a rise in deflection.
Conclusions
The effects of thermomechanical loads on the nonlinear response of clamped functionally graded annular sector plates were investigated. Employing the principle of minimum total potential energy, the governing equations were derived base on the FSDT. The system of five nonlinear partial differential equations was solved with the GDQ method in conjunction with the Newton-Raphson iterative scheme. The accuracy of this method was verified by comparing the results with those existing in the literature. It was found that the effect of thermal loads on the deflection of TID plates is negligible versus that of plates with TD material properties. Furthermore, plates show more deflection as the volume fraction of ceramic decreases by increasing n; however, a change in material index imposes negligible effect on moment and stress resultants.
